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Abstract
We investigate the presence of a black hole black string phase transition in Einstein
Gauss Bonnet (EGB) gravity in the large dimension limit. The merger point is the
static spacetime connecting the black string phase with the black hole phase. We
consider several ranges of the Gauss-Bonnet parameter. We find that there is a
range when the Gauss-Bonnet corrections are subordinate to the Einstein gravity
terms in the large dimension limit, and yet the merger point geometry does not
approach a black hole away from the neck. We cannot rule out a topology changing
phase transition as argued by Kol. However as the merger point geometry does not
approach the black hole geometry asymptotically it is not obvious that the transition
is directly to a black hole phase. We also demonstrate that for another range of
the Gauss-Bonnet parameter, the merger point geometry approaches the black hole
geometry asymptotically when a certain parameter depending on the Gauss-Bonnet
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I Introduction
The discovery of a long-wavelength instability in uniform black strings and flat
p-branes by Gregory and Laflamme[1] has led to a huge body of work with the aim
of finding the endpoint of the instability. There is a static non-uniform perturbation
- a threshold mode such that the string is unstable for wavelengths more than this
critical wavelength. This suggests that there could be a static non-uniform black
string, which has a horizon that is non-uniform in the extra compact dimension along
the string. The expectation is that one could increase the non-uniformity parameter
to generate new non-uniform black string solutions. These solutions emanate from the
branch of static uniform black strings solutions in Einstein Gravity. It was proposed
that as one increases the non-uniformity, eventually the horizon pinches off, and the
black string transitions into a black hole. This is a phase transition in the space of
static solutions to Einstein gravity on geometries with a horizon which also asymptote
to Minkowski spacetime times a circle at infinity. The transition involves a topology
change in the horizon of the spacetime, and the intermediate spacetime between these
two phases is known as the merger point[2]-[5]. A review of these developments can
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be found in [6], [3]. These arguments were backed up by several numerical studies on
the space of static solutions to Einstein Gravity[7]-[9]. Kol [2][3] studied this horizon
topology change in the Euclidean version of the spacetime. He argued that the merger
point in the near neck region is a conical geometry. Emparan and Suzuki successfully
demonstrated the existence of such a merger point in Einstein Gravity, in the large
dimension limit [10]. The large dimension limit of Einstein gravity was developed as
an analytical tool by Emparan et al.[11]-[13] to study various aspects of black holes.
The black hole-black string transition was shown to be mediated through the Ricci
flow equation [10] (studied in the mathematics literature) in the large dimension limit;
this allowed for well-known solutions to Ricci flow in two dimensions to be used in
the study of the black hole-black string phase transition.
Our paper deals with this phase space of static solutions. We will not be ad-
dressing the issue of the dynamical endpoint of the Gregory-Laflamme instability.
However, we summarize the interesting work in this direction in Einstein gravity. An
attempt was made to guess the potential end state by using entropic arguments and
studying the space of all possible static solutions in Einstein gravity[4]-[6]. The dy-
namical evolution to the end state is expected and seen numerically to happen through
a pinching off of the horizon [2][3]. Numerical studies have demonstrated a fractal
structure for the horizon with curvature which blows up[14][15]. The above men-
tioned behaviour under dynamical evolution is very similar to the Plateau–Rayleigh
instability in fluid dynamics[15]. Emparan, Suzuki and Tanabe have also analytically
demonstrated the expected behaviour in their work using the large dimension limit
of general relativity [16].
We focus in this paper on the static merger point in the phase space of so-
lutions, not in Einstein gravity but in Einstein-Gauss-Bonnet (EGB) gravity. EGB
gravity appears naturally for example, in string theory as higher curvature correc-
tions to Einstein gravity [17][19]. Since the merger point has a conical singularity, it
is important to consider higher curvature corrections. Recall that in EGB gravity the
Lagrangian is:
LEGB = R + α(R
2 − 4RµνRµν +RµνρσRµνρσ) (I.1)
where α is the EGB parameter.
Black strings and branes in EGB gravity were discussed in [18]. Recently, the
instability of uniform black strings was also seen in EGB gravity [20]-[22]. The pres-
ence of a phase of non-uniform black strings is also discussed in [20]. Upon increasing
the non-uniformity in the non-uniform black string emanating at the critical wave-
length, will this eventually lead to a topology changing phase transition to a black
hole? This is the question we address in this paper. We would also like to add that
generalized black string solutions have been found in other theories of gravity like
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scalar-tensor gravity, see for example [23], [24] and [25].
We use the methodology developed by Emparan and Suzuki in their work [10]
and consider EGB corrections to their results. They showed that in a neck of radial
extent rh/
√
n and rh/n along the extra dimension, one can have a local conical ge-
ometry [2][3], which can be correctly extended to the geometry of a large black hole
on a cylinder. Here rh is the horizon radius of the black hole and n is the (large)
dimension. The problem of finding the merger point geometry reduces to finding
solutions to the well-known logarithmic diffusion equation obtained from the Ricci
flow. Emparan and Suzuki demonstrated that the King-Rosenau solution[28]-[30] to
the logarithmic diffusion equation has the desired behaviour of a merger point. This
solution produces the near horizon limit of a black hole asymptotically; and a local
conical geometry at the neck. Thus it suggests a topology changing phase transition,
and further that the transition is to a black hole. This shows the existence of a merger
point in the large dimension limit of Einstein gravity.
We extend the analysis in [10] to EGB gravity. We obtain a modification to
the flow equation[10] for various ranges of α. We demonstrate that the merger point
has the expected behaviour for α ∼ O(1/n2) or smaller, where n is the dimension
and is taken to be large. More precisely, this happens when a parameter constructed
from α and r0, namely ǫ = αn
2/r2h is small. At α > O(1/n2), we obtain a ”modified”
logarithmic diffusion equation in the place of logarithmic diffusion equation. This
equation does not seem to allow for an obvious phase transition to the black hole
phase. We cannot rule out a topology changing phase transition, but it is not obvious
that the transition is to a black hole geometry. We demonstrate this by showing
that the near neck solutions’ asymptotic behaviour will not match the near horizon
limit of a black hole when α is large enough. The analysis proceeds in the following
steps:
• First(section.II), we will study the near horizon behaviour of a black hole in
EGB gravity at various orders of α.
• Second(section III.1&III.2), we will work in anN+1 formulation of EGB gravity.
We will derive the evolution equation for extrinsic curvature in EGB gravity for
various orders of α and show that there is a modification to the flow equation ob-
tained in Einstein gravity (the Ricci flow) for the range O(1/n) > α > O(1/n2),
even when the corrections from the Gauss-Bonnet terms are subordinate to the
Einstein term. For α ∼ O(1/n2), there is no modification to the Ricci flow at
leading order in 1/n.
• Third(section III.3&IV.1), we will demonstrate that a solution of the logarithmic
diffusion equation can be perturbed to obtain another solution, which, for α in
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an appropriate range matches approximately with the near-horizon limit of the
EGB black hole when ǫ is small enough.
• Fourth(section IV.2), we will demonstrate for other ranges of α that the solution
to the modified flow equation cannot match to the near horizon limit of the
EGB black hole. In these cases, one could still have a topology changing phase
transition, but it is not obvious that the transition is from a black string to the
black hole.
• In section V we discuss the near-neck geometry in EGB gravity.
II Near Horizon limit of EGB black hole
In this section, we look at the near-horizon limit of the black hole that was
found in EGB gravity [19]. We focus on the asymptotically flat solution with α > 0
(as this is the one that arises in string theory) the ’minus branch’. This is

























Let us attempt to find the near horizon limit of this metric in the large n limit, where
n = d− 2 by going to the coordinates where R = ( r
rh
)n, Now for different orders of α















small. Now the metric will take the following form;









Next, going to the near horizon limit [12][13] by setting ln(R) << n, followed by
R = cosh2(x/2), t = t̃
rh





















is small and we assume its higher powers and products with powers of 1/n





The metric (II.6) reduces to the Einstein gravity Schwarzschild-Tangherlini
black hole in the limit of α −→ 0 but (II.7) produces a metric that does not have
the Einstein gravity black hole result as a limiting case. This means that the black
hole with α > O(1/n2) has a near horizon behaviour which is very different from
the near horizon behaviour in Einstein gravity. Note that the constant α disappears
from the leading near-horizon behaviour in (II.7). This observation will be significant
later.
III The EGB gravity equations
Before going ahead with the calculations, let us briefly discuss the work that was
done in Einstein Gravity by Emparan and Suzuki[10]. They explored the geometry of
the merger point in the black hole black string phase transition, which was conjectured
by Kol to be locally a double cone geometry near the neck [2][3]. They considered a
metric of the form3;




adyb +H2(ρ, y)e2C(ρ,y)/ndΩ2n (III.8)
which is a generalization in the large dimension limit of the double cone geometry
proposed by Kol. Then they showed that this form of the metric is valid locally in
a small neighbourhood near the neck of the non-uniform string with an extension of
rh/n along the string direction and rh/
√
n in the radial direction. For a metric of
the form (III.8), they studied the Einstein equations in a Hamiltonian formulation.
At leading order in n in the large n limit, it was shown that the solutions obey the
Ricci flow equation, which is well-studied by mathematicians. This equation has as a
solution, the King-Rosenau geometry [28]-[30]. Emparan and Suzuki showed that this
geometry in a limit reduces to a smoothed cone on either side of the merger point.
3It should be noted that the n in this metric is different from the n used in the large d limit of
(II.2), but both converge in the large d limit.
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At the merger point, Emparan and Suzuki showed that the double cone geometry
conjectured by Kol is recovered locally in the neighbourhood of the neck.
The form of the metric (III.8) and the associated scaling of metric coefficients
with n in Einstein gravity was motivated by the double cone geometry. It is reason-
able to expect the same behaviour (with GB corrections) as long as the GB terms
are subordinate to the Einstein terms. This means that the ansatz and associated
methodology can be adapted to EGB gravity as long as the GB corrections are sub-
ordinate to the Einstein terms. However, for completeness, we will be presenting the
flow equations for all ranges of α.
III.1 N+1 formulation of EGB Gravity
Let us begin by considering the ansatz of the form (III.8). Now we use the
N+1 formulation of EGB gravity[31] for the metric (III.8) and study its evolution
with ρ according to the EGB equations. Now if we foliate the spacetime along the ρ




∂0γAB; K = K
A
A (III.9)
Here, A,B,C,... are coordinates that run over the entire foliated hypersurface
and γAB are the components of the metric restricted to the hypersurface.For this
type of a foliation we have, in the large n limit, Kab ∼ O(1/n)&Kij ∼ O(1) which
would make K ∼ O(n). Now upon making it satisfy the vacuum scalar and vector
constraints of EGB gravity[31];
M + α(M2 − 4MABMAB +MABCDMABCD) = 0 (III.10)
NA + 2α(MNA − 2M BA NB + 2MCDNACD −M DBCA NBCD) = 0 (III.11)
such that;
MABCD = RABCD −KACKBD +KADKBC (III.12)
MAB = γ
CDMACBD = RAB −KKAB +KACKCB (III.13)
M = γCDMCD = R−K2 +KCDKCD (III.14)





4Please notice that the convention we are using is not the same as [10], instead we have adopted
the standard convention from [31]
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Next, we shall attempt to gauge fix the metric (III.8), up to leading order in n .
For the metric (III.8), M will contain an O(n3) term of the form (∇aH)2. It
can be seen that for all orders of α, this term will appear at the leading order in the
scalar constraint. Upon setting this term to zero, we have H to be independent of
y. The next term in M is of the form, H
′2
N2
− 1(this term is at O(n2)). For all α this




− 1 = 0 (III.17)
which can be solved by




We note that we have introduced the subleading term N1, as it is required for consis-
tency with the evolution equation forKij . TheKij flow equation will give a differential
equation for N1 in terms of the gab and its derivatives.







, ya −→ ya + ζa(ρ, y). (III.19)
to set C(ρ, y) = 0. This coordinate transformation is identical to the one used
in Einstein gravity[10] and we assume ζa has already been chosen appropriately to
cancel out potential gρa terms. Now the metric takes the form
5;







adyb + ρ2dΩ2n (III.20)
Thus the above gauge fixed metric is identical to the one obtained in Einstein Gravity[10].
Next, we shall evaluate the evolution equation for KAB of the gauge fixed metric and







+LnKAB − γABγCDLnKCD + 2α
[
HAB +MLnKAB
−2M CA LnKCB − 2M CB LnKCA −W CDAB LnKCD
]
= 0 (III.21)





AB are defined as follows;


































CDM − 2MCDKCEK DE − 2NCNC +NCDENCDE
]
(III.22)
W CDAB = MγABγ
CD − 2MABγCD − 2γABMCD + 2MAEBFγECγFD (III.23)
Now upon subtracting the trace of (III.21) from half of the scalar constraint (III.10)













AB − 2KABKACMCB − 2NANA
+NABCN
ABC +MγABLnKAB − 2MABLnKAB
]
= 0 (III.24)
Note that the above equation in the large d limit can be written in the following
form;
KABK











Using the above equation and the scalar constraint(III.10) on the evolution equa-
tion for the extrinsic curvature (III.21), we can reduce the evolution equation to the
following form;
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MAB − (−KACKCB − LnKAB) + 2α
[
H́AB +MLnKAB































− γAB(2MCDLnKCD −MγCDLnKCD) (III.27)
Now, for the gauge fixed metric(III.20) we have the following (at leading order in n




; Kij = −ρgij(1−
N1
n










Mab = Rab −
∂ρgab
2ρ
; Mij = (2N1 −
ρ∂ρlng
2



























Now the leading order analysis of the evolution equation(III.26) using the gauge fixed
metric (III.20) will result in the following for various orders of α (Table.1), where we























(R ca ∂ρgcb +R
c
b ∂ρgca) (III.30)
Order of α Evolution of Kab
α ∼ O(1) 1
2ρ2
ġacġbdg
cd = Ḿ1(Rab − ġab2ρ )− 2(Rab + Gab)
O(1) > α ≥ O(1/n) 1
2nα
(Rab − ġab2ρ ) +
(
Ḿ1(Rab − ġab2ρ )− 2(Rab + Gab)− 12ρ2 ġacġbdgcd
)
= 0
O(1/n) > α > O(1/n2) Rab − ġab2ρ + 2nα
(
Ḿ1(Rab − ġab2ρ )− 2(Rab + Gab)− 12ρ2 ġacġbdgcd
)
= 0
α ∼ O(1/n2) Rab − ġab2ρ = 0
Table 1: Table of evolution equations
It should also be noted that at α ≥ O(1/n), the Gauss-Bonnet terms either
dominate the Einstein gravity terms or are comparable to them — this is not a
physically significant regime. Further, as discussed earlier in this range of α, we do
not know if the ansatz (III.8) is valid. We want the Gauss-Bonnet terms to only
provide corrections to the Einstein gravity result. So the relevant solutions are only
at orders of α < O(1/n). In this regime, for the range O(1/n) > α > O(1/n2) the
Gauss-Bonnet corrections are significant and change the flow equation from Ricci flow
to the more complicated evolution equation listed in the table6.
We have not explicitly written down the evolution equation for Kij; this is
because it just determines N1 (which is a subleading correction) in terms of gab and
its derivatives. Actually, the Kab evolution equation is coupled with the Kij evolution
equation through the N1 in Ḿ1. But luckily this will not be of concern to the analysis
we are performing, as Ḿ1 multiplies (Rab − ġab2ρ ). This particular form of the coupling
makes the system manageable; else, we would have had two very complicated coupled
partial differential equations. The coupling of evolution equations is distinct from
Einstein gravity and is a feature of EGB gravity[31].
6For α < O(1/n) (the physically significant regime), the sub-leading corrections to the flow
equation come at O(1/n). Similar corrections are present at all the orders of α in the table. These
are not considered in the large n limit.
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III.2 The Black hole-Black string transition
If we study the black hole-black string transition, we have the {a, b, c...} subspace
to be two- dimensional. This means that we can work in coordinates where the metric







V (ρ, z)(−dt2 + dz2) (III.31)
Above, V is independent of t as we are working with a static spacetime7. Now if
α ∼ O(1/n2), we get the Einstein gravity result [10];
∂λV = ∂
2
z (ln(V )) (III.32)
















Now let us consider a solution to the logarithmic diffusion equation, which is also
a solution to the ’modified’ logarithmic diffusion equation. Let us call this solution V ′.
Now using the (III.32) we can reduce (III.33) to imply the following equation;
∂λV
′ = ∂2z (ln(V
′)) = 0 (III.34)
Observe that the above equation implies that V ′ is not dependent on ρ. But as
we increase ρ, we expect to move away from the local geometry near the neck and
transition to the black hole geometry.
If V is a solution to (III.33), then it cannot independently solve the logarith-
mic diffusion part and the modification(part of (III.33) inside the square brackets),
unless it is independent of ρ and α. This observation will come in handy later. The
other solutions which have V solving the modified log diffusion equation (III.33) but
not the logarithmic diffusion equation have to be of the form V (ρ, z, α) — i.e., the
solutions must depend on α.
7Please note that we might have to rescale these coordinates appropriately to match with the
rest of the geometry away from the region where III.8 is valid.
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III.3 Perturbed solutions of the logarithmic diffusion equa-
tion
The relevant flow equation in Einstein gravity is the logarithmic diffusion equa-
tion, and we regain the same flow equation in EGB gravity for a sufficiently small GB
parameter. It is of interest to study the perturbative corrections to the solutions in
Einstein gravity as we expect corrections from GB terms. Now let us study the solu-
tion with some small correction, V = V0(ρ, z) − ǫF (ρ, z). Let us treat ǫ to be some
small parameter, and we work in linearized perturbation theory with perturbation
parameter ǫ.
By demanding that the Einstein gravity flow equation be satisfied by V0 and V ,






Now for the near horizon single black hole solution in Einstein gravity [10];




It can be checked that this gives a corresponding solution, F bh as;
F bh(ρ, z) =
1
(1 + e−2(ρ2+z))(1 + e2(ρ2+z))
(III.37)
This means that we have (for a small parameter ǫ) a solution of the form;








In Section V we consider perturbative corrections to the V cone = (ρ2 − µ)/cosh2(z),
which is the near neck geometry in Einstein gravity[10].
IV Near horizon single Black hole solution in EGB
gravity
We can now attempt to study the conformal factor V bh derived in the previous
section. It was demonstrated in [10] that the metric with conformal factor (III.36)
13
V0 reduces to the near-horizon black hole metric in Einstein gravity after suitable
coordinate transformations.
IV.1 Asymptotic behaviour at α ∼ O(1/n2)
Let us attempt a coordinate transformation of the form used in Einstein gravity





















Now, after these coordinate transformations, for a V of the form (III.38) we will get






























Now the above form of the metric is the near horizon limit of the EGB black




. Just as in the case
of Einstein gravity[10], the deformations can be attributed to the relevant geometry
being that of a caged black hole instead of a black hole that asymptotically approaches
Minkowski spacetime. As ǫ −→ 0 the deformations reduce to the Einstein gravity
deformed black hole metric.
As the flow equation in EGB gravity is the same as in Einstein gravity up to
α ∼ O(1/n2), the EGB black hole metric matches the near neck region asymptotically




. This suggests that, like in Einstein gravity[10], the
phase transition from the black hole to the black string and vice versa is allowed. But
there is a caveat here, which is that ǫ should be sufficiently small for the linearized
approximation in the previous section to be valid.
8This is up to overall scaling factors that can be absorbed in re-scaling of coordinates.
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IV.2 Asymptotic behaviour at O(1/n) > α > O(1/n2)
We had demonstrated earlier in section III.2 that if V were a solution to the
’modified’ logarithmic diffusion equation, it should either be of the form V (ρ, z;α)
or it should be independent of ρ and α. Also, from the form of the metric in the
conformal gauge (III.31), it can be seen that V is the term multiplying dt2 under the
coordinate transformation (IV.39-IV.41). But the term multiplying dt2 in the near
horizon limit of the EGB black hole is (II.7), which is not of the form V (ρ, z;α). It
does not depend on α but depends on ρ. This means that a V matching the EGB
black hole metric asymptotically away from the near-neck region is not possible with
a GB parameter O(1/n) > α > O(1/n2). This would imply that the asymptotic
geometry does not approach the geometry relevant for a black string-black hole phase
transition. So there is a range of α in which the corrections are subordinate to the
Einstein part, but a merger point like the one present in Einstein gravity where
the geometry approaches a black hole away from the cone does not seem possible.
We cannot rule out a topology changing phase transition, but we observe that the
geometry does not approach that of the black hole. In the large dimension limit this
occurs for O(1/n) > α > O(1/n2).
IV.3 Some speculations on copying of solutions
Notice that based on the observations made in sections IV.1&IV.2 we can see
a range of α, O(1/n) > α > O(1/n2), for which while we may have a topology
changing transition, however, the metric does not approach the black hole metric
asymptotically. But for α ∼ O(1/n2), we can have a phase transition to the black
hole but as demonstrated in section IV.1, the derivation of the asymptotic geometry
requires the parameter ǫ to be small. The asymptotic geometry then approaches that
of a black hole.
An important property related to black holes on cylinders in Einstein grav-
ity is the copying of spherically symmetric static solutions to create new static
solutions[4][26][27]. This implies that one can copy the Einstein gravity merger point
to create new merger points indexed by a natural number k. Copying is defined as
following process of generating new solutions from known solutions;










which gets mapped to a new solution by;





,for every natural number k,(the corresponding metric is obtained by substituting





, ñ = n. (IV.45)
The k copied merger-point connects a k black hole phase with a phase of non-
uniform black strings through topology changing phase transitions where the horizon
topology of a non-uniform black string (S1 × Sd−3) changes to that of k black holes
each with a horizon topology of S(d−2)[27].
In Einstein gravity, the existence of a single black hole merger point implies
the existence of a k black hole merger point through the copying of solutions. But is
the same true if Gauss-Bonnet corrections are considered?
While the copying property has to be rigorously investigated in EGB gravity,
let us assume such copying is possible. Then we shall attempt to express the condi-
tion that ǫ should be sufficiently small by trying to express it in terms of the three
parameters then associated with the merger point and EGB gravity, which are the
size of S1−L, the copy number of the merger point k and α. We can do this by con-
sidering the k copied non-uniform black string which we expect is connected through
the merger point to a k black holes solution. Since the neck of the merger point is in









where rh is the radius of one of the (identical) black holes formed just after the
merger point. This condition implies that ǫ can be expressed as k
2αn2
L2
in the large n
limit. Further, if we define α = Cn−2, then if k
2C
L2
is small, the geometry approaches
the black hole geometry and we have a phase transition to a black hole. Then if
copying of solutions is true in EGB gravity, we should also expect a merger geometry
mediating a k copied black string to a k black hole phase transition.
It would be interesting to rigorously see if there is copying of solutions in EGB
gravity and, if so, what would be the k’th copy of such a topology changing transition
where the metric does not approach a black hole metric asymptotically. Further, how
does the size L of the S1 affect the transition? Our perturbation parameter depending
on k&L may indicate that we can expect novel features in the phase diagram for EGB
gravity, but this must be investigated not just as a perturbation to the Einstein gravity
solution, but non-perturbatively.
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V Leading order Modifications to the Smooth Cone
from EGB Gravity
V.1 When α ∼ O(1/n2)
Let us attempt to find the leading order perturbative corrections in ǫcone to the
large n smooth cone by using the corresponding V cone0 = (ρ
2 − µ)/cosh2z, [10]. If we
insist on spherical symmetry, this would require us to use an F cone of the form;




The above form of correction will ensure that the modifications will not have
any angular dependence. We do not want angular dependence because in the eu-
clidean version, we need a double cone over S2[2][3]. This can be seen by doing
the transformation tan(χ) = sinh(z), leading the 2-dimensional sub-space to reduce
to the corresponding sphere in the euclideanized version maintaining the spherical
symmetry.9
Now substituting this form of F cone into (III.35) with the corresponding V cone0
will result in F cone being zero, this means that the perturbation linear in ǫ is such
that it is zero near the neck. This means that the Gauss Bonnet correction to the
smooth cone is not present at linear order in ǫ for α ∼ O(1/n2).
V.2 When O(1/n) > α > O(1/n2)
As we expect the Wick-rotated geometry of the two dimensional spacetime to





where S0 = ρ











2 − 3∂λV cone0 ∂2z (ln(V cone0 )) + (∂2z (ln(V cone0 )))2
]
(V.49)
9The 2D subspace with conformally flat metric has been argued to have the topology of a sphere
in the euclidean version of the metric[2][3].
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,where V cone0 =
S0
cosh2z
[10], Now the above equation reduces to;
∂λV = ∂
2
z (ln(V ))− 2nα×
4sech2(z)
(ρ2 − µ) (V.50)
Now upon plugging in V , (up to leading order)we get an equation of the form;
∂ρG =
4ρ
(ρ2 − µ) (V.51)






So, in this range of O(1/n) > α > O(1/n2), we have the leading order correc-
tions to the cone to be of the above form. For ρ close to µ, the cone geometry receives
large corrections due to the logarithmic factor and perturbation theory is no longer
valid.
V.3 Conifold geometry in EGB gravity
We will now consider solutions in EGB gravity of the form (V.53) and study
the constraints imposed by EGB field equations on them. This is a cross-check on
the computations in the previous section done with perturbation parameter ǫ.





For the above form of the metric, we can compute the following quantities up to






















; R1010 ∼ O(1); R2020 ∼ O(1); R2121 = sin2(θ)
R j0i0 ∼ O(1); R j1i1 ∼ O(1/n); R j2i2 ∼ O(1/n); R lijk ∼ O(1)
10We have only mentioned the explicit form of the leading order terms for quantities that are
relevant to our analysis, for other quantities, we have only mentioned their order.
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The EGB field equations are;
Gµν + αQµν = 0 (V.54)
where;













• α ∼ O(1/n2)
For (V.53) the leading order term in n in the large n limit for α ∼ O(1/n2),
is always of the form RRµν , and at leading order, the leading term for the Ricci
scalar R is zero when N = 1 + .... where the ellipses refer to possible corrections at
higher powers of 1/n. Simply taking N = 1 satisfies the leading order EGB field
equations. The leading term in SGB in the large n limit is not fixed at this order. For
α ∼ O(1/n2), we expect SGB = S0 + O(1/n) and S0 gets fixed by the next to linear
order terms in the EGB field equations.
In this range of α, we get at sub-leading order R11 = 0, R22 = 0, which will fix
the leading part of SGB as S0 = ρ
2 − µ. There are many nontrivial contributions at
next-to next-to leading order in 1/n, so it is not feasible to obtain the corrections to
N and SGB beyond leading order. We thus see that in this range of α we get the
fused, critical and split cone geometry (for µ > 0, µ = 0 and µ < 0 respectively)
obtained by Emparan and Suzuki [10] for Einstein gravity.
• O(1/n) > α > O(1/n2)
In this range, we will have the following equation in the large n limit upon setting
N = 1 11;
R11 − 4α (R11R11 +R22R1212 − R 2121 R1212) = 0
R22 − 4α(R22R22 +R11R2121 −R 1212 R2121) = 0
(V.57)
which can be written in terms of SGB as:
11Here the GB corrections are strictly speaking at order nα which is not O(1), but since nα > 1/n,
this is the next to leading order term and since this term is present because of the GB correction,



















Unlike the previous range of α, in this range, we have as a consequence of studying
the order of various terms in the field equation,
SGB = S0 + nαS1 +O(1/n) (V.59)
where the order of nα in the range of α given by O(1/n) > α > O(1/n2) is greater
than O(1/n).
Now this equation will set S0 = ρ
2 − µ and S1 = 4ln(ρ2 − µ). But the
perturbation expansion in n is not valid when ρ2 ∼ µ. Thus this metric is not valid
in the neck region. This divergence for ρ2 ∼ µ is similar to the O(1/n) corrections in
Einstein gravity[10] where it is argued that a finer neck region solution is the relevant
geometry sufficiently close to the neck, by doing the large n limit in a slightly different
way. In our case as well, that may be possible. However even if a topology changing
transition does occur for this range of α, the metric does not approach the EGB black
hole metric asymptotically.
VI Conclusion
In this paper, we have investigated the presence of a black hole black string
phase transition via a merger point geometry in EGB gravity in the large dimension
n limit. We have performed an analysis of the near-neck geometry. It is conelike for
α ∼ O(1/n2) with the cone geometry being fused, critical or split cones derived in the
context of Einstein gravity by Emparan and Suzuki [10]. Thus we certainly expect
a topology changing phase transition in this case consistent with the arguments of
Kol [2]-[4]. For O(1/n) > α > O(1/n2), our near-neck conical geometry receives a
correction which become divergent closer to the neck. It is possible that this could
be solved by going to a finer neck geometry as in [10] for Einstein gravity and a
slightly different large n limit. In the large dimension limit, we cannot match the
asymptotic form of the near neck geometry to the EGB black hole metric when the
Gauss-Bonnet parameter, O(1/n) > α > O(1/n2) while it is possible to do so when
α ∼ O(1/n2). This suggests that for O(1/n) > α > O(1/n2), while we cannot rule
out a topology changing phase transition as predicted by Kol [2]-[4], a transition
between the non-uniform black string geometry and the black hole geometry in EGB
gravity does not seem to occur directly as the geometry away from the neck does not
go over to the black hole metric. Thus it is an interesting question as to whether we
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can have a topology changing transition when the geometry does not approach the
black hole metric and what would be the significance of such a solution. Is there an
intermediate geometry after the merger point through which the transition to a black
hole happens?
There are several extensions of this work that are possible. The rich phase space
in the black hole black string phase transition remains to be explored analytically and
numerically to understand the various branches of solutions in EGB gravity, as has
been done in Einstein gravity. In particular, it would be interesting to see if there is
the copying of solutions as in Einstein gravity. The dynamical evolution away from
the Gregory-Laflamme instability in EGB gravity also needs to be investigated in the
same manner as it was investigated in Einstein gravity in [15].
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